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Page’s curve for the fine grained entropy of the black hole radiation is obtained once we include the
effect of a non vanishing quantum Fisher information in the evaporation data. This quantum Fisher
information scales as the inverse of the original black hole entropy. The modified fine grained entropy
can be naturally related to a relative entanglement entropy with the quantum Fisher information
defining the curvature at Page’s point.
After the seminal paper of Page [1] Hawking’s infor-
mation paradox [2] is presented as the mismatch between
the monotonous growth of the entropy of radiation pre-
dicted by Hawking and the expected Page curve for the
radiation entropy if the process is governed by unitary
evolution. For a black hole of Bekestein Hawking en-
tropy N Hawking’s growth of the entropy of radiation
fits qualitatively with the Page curve for times t < tP
where Page time corresponds to the time at which the
original black hole has emitted around N/2 quanta i.e.
the time at which the Bekestein Hawking entropy is equal
to the radiation entropy. After this time Page’s curve
starts to decrease in full contrast with Hawking’s expec-
tations. In more precise terms, Page’s time is the time at
which the fine grained entropy of the radiation reaches its
maximum. The paradox makes explicit the problem to
identify what can goes wrong in Hawking’s original semi-
classical computation. This is paradoxical since, in prin-
ciple, the semiclassical approximation should be reliable
at this time where the black hole can be as macroscopic
as wished.
In this note I will offer a quantum information ap-
proach to the information paradox and a natural way to
get Page’s curve once quantum information, in particular
quantum Fisher information, in taken into account. This
approach is framed in the context of a series of recent
papers [3] on physics applications of quantum estimation
theory [4]. The main result of this note is summarized in
equation (10).
A key ingredient in Page’s construction is to model
the evaporation of the black hole working with a total
Hilbert space of finite dimension of order 2N . The evo-
lution leads to a time dependent decomposition of this
Hilbert space into two pieces; the remaining black hole
at each time and the corresponding emitted radiation.
Tracing over the black hole interior leads to a density
matrix ρrad(t) for the radiation and to the entanglement
entropy Srad(t) = −tr(ρrad(t) ln ρrad(t)). This is the en-
tropy we expect to follow Page’s curve in time. Hawking’s
answer for Srad(t) is in first approximation defined as the
entanglement entropy of the set of entangled pairs cre-
ated at time t and therefore grows with t. Let us denote
this entropy SHawking(t).
So what is the wrong assumption in Hawking’s com-
putation? The simplest answer is that the model
ρHawking(t) of the state ρrad(t) defined by tracing over
the inner partners of a set of independent entangled pairs
is simply too crude to reflect the real situation. In this
representation of ρrad(t) we are ignoring all the features
of the black hole interior with the exception of the set
of Hawking partners created after a time t of evapora-
tion. To figure out how these missing effects of the black
hole interior can reproduce Page’s curve is still an open
question.
Recently it has been announced important progress in
reproducing Page’s curve [5–7] on the basis of a modi-
fied definition of the fine grained entropy of the radiation
motivated by generalizations of Ryu Takayanagi (RT) [8–
15] formula. This modification of the entropy requires
to define associated with each time t, as measured by
an external observer, an spacelike surface Σ(t; ri(t)) de-
pending on a set of positions in the black hole interior
island coordinates. For the case of just one island this
one is defined at each time t by the hyper surface go-
ing from r = 0 to r(t). The correct radiation entropy
is now defined by the extremal of a semiclassical func-
tional S(Σ(t; r(t)) inspired by RT formula and justified
by the euclidean path integral and the replica trick. The
so defined entropy contains three pieces: i) the entropy
of radiation associated with the island, ii) the entropy
of radiation associated with the hypersurface going from
the location of the observer at time t and the spacial in-
finity and iii) the analog of the thermodynamic entropy
for the two dimensional surface of radius r(t). The semi-
classical extremal of this functional is shown to reproduce
Page’s curve. In essence the role of the island in the black
hole interior is to account for a partial purification of the
emitted radiation.
A similar discussion can be developed for the black hole
entropy during evaporation. In this case Page’s curve
differs from the Hawking Bekestein curve describing the
time evolution of the black hole thermodynamic entropy
for t < tP . The modified entropy is defined using a hy-
persuface going from the location of the observer at time
t to a point in the black hole interior with radial coordi-
nate r(t). The modified entropy contains two pieces one
representing the semiclassical radiation entropy on this
hypersurface and another piece representing the thermo-
dynamic entropy of the two dimensional surface of radius
2r(t) 1. The very non trivial ingredient of this construction
is to find a semiclassical formula for the entropy, based on
saddle point dominance for the gravity partition function,
that fits Page’s unitarity condition. However the main
problem of the construction is that it does not provides
direct information about the quantum density matrix of
the radiation whose fine grained von Neumann entropy
follows Page’s curve.
The new approach to the information paradox based
on the modified RT entropy formula is framed in [16]
in what is presented as the central dogma. In essence
the so called central dogma identifies the black hole, as
view from outside, as an ordinary Hamiltonian quantum
system with a finite dimensional Hilbert space 2. This
central dogma is very much in agreement with the black
hole portrait suggested in [? ] where the black hole is
modeled as a self sustained quantum Bose condensate of
gravitons at criticality with the description from outside
being determined by the dynamical depletion properties
of the condensate. The results presented in this note on
the entropy of radiation although independent on the de-
tails of the portrait lead, when combined with the main
portrait depletion equation, to the explicit time depen-
dence of the radiation entropy.
Something important, but many times ignored, for the
correct understanding of Page’s curve is the associated
curve of information. At each time we can define, fol-
lowing [1], a qualitative measure of the information con-
tained in the radiation as
I(t) = ln(drad(t))− Srad(t) (1)
where drad(t) is the dimension of the Hilbert space of the
radiation at time t. We observe already from this sim-
ple definition of information that, if we follow Hawking’s
growth, the information remains constant and vanishing
during the whole evaporation process. By contrary if we
consider Page’s curve the information starts to increase
after Page’s time until reaching its maximal value at the
end of the evaporation. Hence it looks clear that the
main problem with Hawking’s description of the radia-
tion is that is not accounting for any form of growth of
the information contained in the radiation.
For the density matrix ρHawking(t) defined by a set of
Ne(t) maximally entangled and independent pairs, the
entanglement entropy obtained after tracing over the in-
ner partners is simply given by
SHawking(t) = Ne(t) (2)
1 See [16] and references therein for an excellent recent review of
this construction.
2 Semiclassically this finiteness condition simply means that the
classical phase space is compact with finite volume in ~ cell units.
It is customary to describe quantum systems with finite dimen-
sional Hilbert space in terms of a finite set – given by the loga-
rithm of the dimension – of q-bits and to refer to these q-bits as
effective degrees of freedom.
where Ne(t) represents the number of emitted Hawking
quanta at time t measured taking as t = 0 the moment
of black hole formation.
The main claim of this note is that the fine grained
entropy of radiation is given by the following general for-
mula
Srad(t) = SHawking(t)− IF (t) (3)
with IF (t) fully determined by the quantum Fisher infor-
mation of the radiation 3 .
In order to define IF (t) we shall use quantum estima-
tion theory. Let us identify as external clock the number
Ne(t) of emitted quanta. For the correct density matrix
of the radiation ρrad(t) the number of emitted Hawking
quanta Ne(t) works as an external time parameter i.e.
ρrad(Ne(t)). Let us define the corresponding estimator
operator Nˆe such that tr(ρrad(t)Nˆe) ≡ 〈Nˆe〉 = Ne(t).
The corresponding quantum Fisher information is de-
fined by
F−1 = 〈Nˆ2e 〉 − 〈Nˆe〉〈Nˆe〉 (4)
Now we will define IF (t) as
IF (t) = FNe(t)
2 (5)
Using now the main formula (3) we get our basic result,
namely
Srad(t) = Ne(t)− FNe(t)
2 (6)
It remains to set the value of F . If the time evolution
is unitary we expect F to be time independent. The
definition of F associated with Ne is given by
F = Tr(ρrad(Ne)Lˆ
2
Ne) (7)
with LˆNe the operator defined as usual by
dρrad(Ne)
dNe
=
LˆNeρrad(Ne) + ρrad(Ne)LˆNe
2
(8)
Thus F−1 is essentially the standard deviation of the es-
timator Nˆe as given in (4). To define this standard devia-
tion we can think in an ensamble of identical black holes
and to measure the observable estimator Nˆe. However
and irrespectively of the purely statistical deviation, the
quantum Fisher function gives us the intrinsic quantum
standard deviation for the quantum estimator. We will
conjecture as the natural value for F
F =
1
N
(9)
3 The thermodynamical meaning of the former formula can be un-
derstood assuming that whenever the black hole starts to deliver
information the emitted radiation can be used to do some ther-
modynamic work and that the correct entropy should account
for the corresponding free energy contribution.
3with N the Bekestein Hawking entropy of the original
black hole. The heuristic reading of this identification
is based on the natural interpretation of F for the origi-
nal black hole as the typical quantum energy uncertainty
∆2(E) ∼ 1/N .
Using these ingredients we get as our model for the
exact radiation entropy:
Srad(t) = Ne(t)−
1
N
Ne(t)
2 (10)
The previous construction provides a general recipe to
define the fine grained entropy. For instance for the black
hole itself an external observer will use as estimator the
thermodynamic black hole entropy NBH(t). The exact
black hole entropy will be defined for a density matrix
ρBH(NBH) whose dependence on NBH is again set by
the quantum Fisher function F . The former recipe for
defining this entropy leads to
SBH(t) = NBH(t)− FNBH(t)
2 = NBH(t)−
1
N
NBH(t)
2
(11)
that follows Page’s curve as expected. The purely quan-
tum contribution to this entropy is the information com-
ponent FNBH(t)
2. Defining the quantum estimator
NˆBH we get as before F
−1 = 〈Nˆ2BH〉 − 〈NˆBH〉〈NˆBH〉.
The skeptic reader can focus on (10) and ignore our
quantum information justification. Let us now briefly
discuss some key aspects of this entropy formula (10):
• It reproduces Page’s curve. Indeed for times for
whichNe(t) << N we get Srad(t) ∼ Ne(t) in agree-
ment with Hawking. Moreover for Ne ∼ N the ra-
diation entropy Srad(t) decreases as the black hole
thermodynamic entropy. The curve, in Ne coordi-
nates, has a maximum at Ne =
N
2
.
• To define the explicit time dependence of Ne(t) we
can use the main formula describing depletion in
the black hole portrait [17], namely
dNe(t)
dt
=
1
√
Ne(t)
(12)
leading to
Srad(t) = t
2/3 −
1
N
t4/3 (13)
with tP in Planck units given by
tP = (
N
2
)3/2 (14)
• The information IF (t) goes as
IF (t) =
1
N
t4/3 (15)
This information becomes maximal and equal N af-
ter complete evaporation i.e. after a time O(N3/2)
in Planck units.
• Comparing with the island formula for r(t) the lo-
cation of the island in the black hole interior, we
get, at extremality
pir2(t)
GN
+ Sisland(t) = −
Ne(t)
2
N
(16)
which makes explicit the purifying role of the island
contribution.
• A related natural question that we will leave unan-
swered is the connection between RT like formulas
and the former description. Probably the secret lies
in the connection of information metric and grav-
ity dual metric [20] ( see also [21] ). Concerning
this important issue, namely the connection be-
tween the semiclassial entropy of the entanglement
wedge of the radiation and formula (16), we have
nothing substantial to say in this note.
It could be instructive, in order to get a more clear
physical picture of Page’s time, to define formally the
function S˜(Ne) ≡ −Srad(Ne) i.e.
S˜(Ne) = FN
2
e −Ne (17)
At Page’s time we get the analog of the first entangle-
ment law for S˜, namely dS˜dNe = 0. Moreover the quantum
Fisher information becomes simply F = d
2S˜
dN2
e
. These are
the equations we should expect for S˜ defining the relative
entanglement entropy with the Page point describing a
sort of equilibrium 4. In other words the fine grained en-
tropy of the radiation can be defined as minus the relative
entanglement entropy relative to Page’s point.
The main lesson we can extract from the previous dis-
cussion is that the correct entropy of the radiation ac-
counts for the information through a quadratic depen-
dence in the number of Hawking emitted quanta with co-
efficient given by the quantum Fisher information. This
quantity is introduced in (4) and it is identified with 1/N
for N the black hole entropy. The key point is that, as
advertised several times in the black hole portrait, Hawk-
ing’s computation is effectively done in the N =∞ limit
or equivalently F = 0. However is also very important to
notice that the quantum effect defined in (4) is not semi-
classical – which will implies an exponentially suppressed
quantum Fisher information – but purely quantum 5. In
essence and from a simple minded thermodynamic point
of view what goes wrong in Hawking’s computation is
the assumption that the black hole evaporation products
4 With the two components of the finite dimensional Hilbert space
having the same dimension.
5 Superficially it could be tempting to interpret the non vanishing
quantum Fisher information as the effect of some gravitational
correlation induced by semiclassical wormholes. This will lead
to an exponentially suppressed quantum Fisher information that
in our frame will be unable to reproduce Page’s curve.
4cannot be used to do any work. What is interesting is
the observation that unitary Hamiltonian evaporation is
only possible if the evaporation products can be used to
do some net work, a work that shows up in the form of
non vanishing quantum information 6.
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